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We would like to thank the reviewers for their comments and guidance to improve the quality
of our manuscript. The manuscript is submitted for publication in the special issue ”Wind
Energy Science Conference 2019” in Wind Energy Science journal. Comments from Reviewer
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• We rewrote the abstract to highlight the contribution of the article. The paper concentrate on two second-order effects, that are important for low solidity rotors.
• We updated the introduction by including additional references, proposed by reviewer
1, on other second-order corrections. The relative importance of these second-order
effects is discussed for the case of a low solidity rotor.
• The method section is also updated by further clarifying the derivation of the proposed
improvements to the classical BEM method. The hypothesis of excluding the drag force
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• The results and discussion section is also updated for the changes made in the method
section.
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below a detailed answer to your comments.
On behalf of the authors, yours sincerely,
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• Response to Referee 1
• Response to Referee 2
• Marked-up manuscript version.
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Response to Referee 1
Dear Professor D.H Wood,
We would like to thank you for your detailed review of our paper. Your recommendations
and comments improved the paper considerably. Please, see below a detailed response to
your comments:
Comment 1: Blade element momentum (BEM) models have been used for many years for
the aerodynamic analysis of wind turbines and propellers. Contrary to the statement on line
21, they were not introduced by Glauert (1935, reference in manuscript), who did however,
develop them in a form that has been used for wind turbine analysis for nearly a century. For
example, Lock et al. (1925, reference below) gives a detailed account of the pre-Goldstein
(1929) and pre-Glauert version of BEM.
Reply 1: Indeed, Glauert (1935) was not the first to introduce the BEM theory. The 1D
momentum theory was applied to an actuator dick by Rankine (1865). Then, the blade
element theory was developed by Froude (1898) and made the first combination of both
theories for propeller analysis. Later, Glauert (1935) finalized the BEM method by describing
a full BEM model including wake swirl, turbulent wake state based on experimental data by
Lock et al. (1925), and tip loss concept by Prandtl (1226).
Lock et al. (1925) work is not available online, so we couldn’t give a detailed account of the
pre-Goldstein and the pre-Glauert version of BEM.
Comment 2:Since the introduction of BEM, many second order corrections to it have been
studied but these are not considered in the present manuscript. They include the effects
of finite blade number, e.g. Clifton-Smith (2009), Wood et al. (2016), Schmitz & Maniaci
(2017), Wimhurst & Willden (2017, 2018), the nonlinearity of the governing equations, Wood
& Okulov (2017). Further, Limacher& Wood (2020) showed that the concerns of Goorjian
(1972, reference in manuscript) over the role of the forces on the expanding streamtubes can
be avoided easily. Therefore the claim in the manuscript to present a state of the art BEM
analysis is not valid.
Reply 2: We have updated the introduction to include recent papers on second-order corrections of the BEM method. First, the effect of finite blade number, including the nonlinearity
of governing equations, are further discussed in the introduction. Second, the concerns of
Goorjian (1972) can be avoided using the impulse formulation Limacher& Wood (2020).
However, the pressure term due to wake expansion is still present in the GMT formulation,
which is applied to a low solidity rotor in the present work.
In the conclusion section, the ”state of the art BEM model” is replaced by ”an improved
BEM model”.
Comment 3: The manuscript concentrates on two aspects of BEM: the effect of wake expansion and an extension of the model of Bak et al. (2006) for rotational effects on the blade
element forces. It is not demonstrated that these second order effects are more important
than the others, but the reasonable agreement shown between the available measurements
and the new model suggests that the contribution is worthwhile.
Reply 3: The proposed improvements to the classical BEM model were a new far wake
expansion model and an extension of Bak stall delay model.
The relative importance of second-order effects can be analyzed based on the rotor geometry
and tip speed ratio. First, the GMT is applied to a low solidity rotor, as a result the pressure
drop due to wale rotation can be neglected. However, the wake expansion effect is retained
because the 1D wake expansion model over-estimate the loading and also gives an unrealistic
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expansion at a high tip speed ratio. The effect of a finite number of blades is accurately
accounted for using classical Glauert correction at a high tip speed ratio, where the new
far wake expansion is validated. However, at low tip speed ratio, Glauert tip loss still overestimate the loadings and can be improved using Wood et al. (2016) model. To analyze and
improve the 1D MT expansion model at a high tip speed ratio, Glauert tip loss model can
be used with confidence. The BET is corrected to two second-order effects: stall delay and
tip loss. Both effects are considered in this work.
Comment 4: The axial induction factors, a for the near-wake, and b for the far-wake,
are assumed to be independent of radius, in for example, Equations (3) and (4). This is a
major simplification which is not justified. Constant b in the far-wake gives a Joukowsky
wake comprising a concentrated hub vortex of strength N where is the maximum bound
circulation and N is the number of blades, and N helical vortices at the edge of the wake.
Then the relation between pitch and far-wake velocity is easily determined from the KawadaHardin equations (Kawada, 1936; Hardin, 1982) as
NΓ
(1)
2πh
Where h is the vortex pitch, which contradicts Equation (12). For a Joukowsky wake, Wood
(2007) rediscovered the result of McCutchen (1985) that the rotational velocity contribution
to the energy equation is cancelled by the contribution of the radial pressure gradient, and
so can be ignored, contrary to the statement of its importance made several times in the
manuscript.
Reply 4:In the case of a Joukowski rotor, the rotational velocity contribution to the energy
equation is canceled by the contribution of the radial pressure gradient (wood 2007 and
McCutchen 1985). However, in Joukowski model, the maximum power coefficient is always
is greater than the Betz limit. This problem was discussed by Sorensen and van Kuik (2011).
It was suggested that the large increase in Cp at small tip-speed ratios is the lack of the
lateral pressure on the control volume. Even though, lateral pressure is small, neglecting it
will result an unrealistic power coefficient at low tip speed ratio. A similar problem arises
in Glauert 1D expansion model (b=2a), where the expansion area increases toward infinity
with increasing axial induction.
In this work, The axial induction factors (a and b) are not assumed to be independent of
radius in the GMT (sorensen 2016). So, the wake is not a Joukowski one, since the only
additional assumption to GMT is neglecting the pressure drop due to wake rotation (low
solidity). However, Neglecting the lateral force (wake expansion) will result in unrealistic
expansion at high axial induction. Even though this term is small, it induces an unrealistic
expansion (1D expansion model) and also an over-estimation of loading for the full blade
span. Glauert model assumes simply that the axial velocity at the rotor disk (Un ) is a
mean value of upstream velocity (U0 ) and far wake axial velocity (Unw ). This relationship
is independent of operating conditions and rotor geometry. To overcome this inconsistency,
the far wake expansion will be modeled using dimensional analysis, and it will be used to
refine the Glauert model for the effect of wake expansion for low solidity rotors.
The relation between the pitch and far-wake velocity (Equation bellow) is first determined
geometrically, then approximated for small expansion case by neglecting the velocity deficit.
So, the pitch becomes dependent on known rotor parameters such as blades number, tip
speed ratio.
ν =1−

h = 2πrtan(Φ)
Where, Φ is the angle between the vortex sheet and the rotor plane.
3

(2)

Comment 5:It is also unlikely that the strength of the trailing vortices is set only by the
lift on a blade element. When the angular momentum equation, (6) in the manuscript,
is balanced against the blade element forces, the element drag is involved, and, therefore,
the rotational induction factor a is partly determined by the drag. Since a is also the
normalized circumferential velocity induced by the trailing helical vortices, the circulation
of those vortices is also partly determined by the element drag.
Reply 5:Yes, the Joukowski theorem is only valid for inviscid flow, where drag force is zero.
However, a generalized JK theorem includes the drag force (reference below). So the drag
force will be included in the algorithm solution of BEM equations.
Li, Juan, YiZhe Xu, and ZiNiu Wu. ”Kutta-Joukowski force expression for viscous flow.”
SCIENCE CHINA Physics, Mechanics & Astronomy 58.2 (2015): 1-5.
Comment 6:The manuscript is poorly written in places. For example, plane is often rendered as plan and there are many examples of poor expression which should be caught by a
grammar checker.
Reply 6:Grammar was checked and gramatical correction where made.
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Response to Referee 2
Dear Reviewer,
Thank you for your preliminary review of our paper. Your comments improved the paper
considerably. Please see below a detailed response to your comments:
Comment 1: The parameter ξ is introduced wrongly just before Equation (11).
Reply 1: Corrected.
Comment 2: There is a bracket too much in the denominator of Equation (14)
Reply 2: Corrected.
Comment 3: In Equation (15) the term h̄ in the square root in the denominator should be
squared
Reply 3: Corrected.
Comment 4:Any explanation why the empirical parameters a0 and b0 are both chosen as 1
for this particular rotor (just after Equation (15)) is missing. Without any guidance on how
to choose these parameters it is difficult to use the correction proposed in the paper.
Reply 4: In order to estimate the wake expansion ratio ξ, we applied the Buckingham π
theorem to derive a physically meaningful equation (Equation 15) involving a certain number
of dimensionless numbers (table 2). These dimensionless numbers can be further regrouped
to form the apparent helical pitch h̄.
By applying the π theorem, two constant parameters a0 and b0 need to be estimated. First,
using the limiting case (λ converge to 0), the parameter a0 is found to be equal to unity. The
parameter b0 has been estimated from experimental data of the NREL phase VI. Only data
at one tip speed ratio is enough to estimate b0 . However, to cover a broader range of tip speed
ratio, we used the data of the NREL phase VI at U0 = 5m/s, U0 = 7m/s, corresponding to
a tip speed of 7.58 and 5.41 respectively. Comparing computed and measured distributions
of normal and tangential forces, it was found that b0 ≈ 1 gives the best curve fit.
Comment 5:Equation (33) is not derived in the article and it is unclear where it comes
from.
Reply 5: Bak et al. assumed that the chordwise flow is zero in the separated area, which is
the same assumption made by Corten and Lindenburg to describe the centrifugal pumping
mechanism due to rotation. Thus, the radial flow is assumed to be dominant compared
to the chordwise flow. The centrifugal pumping mechanism is described as follows, the
centrifugal force induces a radial flow, which in turn induce a chordwise Coriolis force that
delays separation and amplifies the pressure in the separated area.
The normal force gradient was computed by integrating the pressure gradient over the full
chord (Eq.29 in the manuscript), which contradicts the initial assumption that the rotational
effect is present only in the separated area over the airfoil. Thus we proposed in this paper to
estimate the normal force gradient by integrating the pressure gradient in the separated area
only (Eq.33 in the manuscript). Additionally, assuming that the pressure gradient induced
by the radial flow in the separated area mainly affects the normal force, thus the tangential
force gradient can be neglected. The proposed improvement is consistent with the centrifugal
pumping mechanism and the normal force gradient becomes dependent on the separation
factor, which is a measure of the separated area on the airfoil.
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Abstract.
The accurate prediction of loadings and velocities on a wind turbine blades is essential for the design and optimization of
wind turbines rotors. However, the classical BEM still suffer from an inaccurate prediction of induced velocities and loadings,
corrections:like stall delay effect and tip loss correction are used. For low solidity rotors, the
even if the classical correction :::::::::
5

wake expansion is generally considered to be small, even
loadings are generally over-predicted in the tip region, since the far
:::::::::::::::::::::::::::::::::::::::::::::::::
at
high tip speed ratio. In contrast, the 1D far wake expansion is not accurately accounted for in the one-dimensional (1D)
:::::::::::::::::::::::::::::::::::
momentum theory. The 1D dimensional momentum theory supposes that :::::
model:::::
gives ::
an:::::::::
unrealistic:::::::::
expansion ::
of:::
the:::::
wake ::
at
a high tip speed ratio. This inconsistency is observed in Glauert model, where the far wake axial induction is equal to :::::
taken ::
as
:::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::

twice the axial induction in the rotor plane, which results in an under-estimation of the axial induction factor in the tip region.
10

Considering :. ::::
This:::::::::
unrealistic :::::::
behavior:::
of :::
the :::
1D ::
far:::::
wake:::::::::
expansion :::
can:::
be ::::::
avoided:::
by:::::::::
estimating :::
the :::::::::
expansion ::::
ratio :::::
using
dimensional
analysis. Due to the complex nature of the flow around a rotating blade, the accurate estimation of 3D effects
::::::::::::::::::::::::
is still challenging, since most stall delay models still often tend to under-predict or over-predict the loadings near the root
region. As for the solution method for the classical BEM equation, the induced velocities are computed accounting for the drag
force. However, according to the Kutta-Joukowski theorem, the induced velocities on a blade element are only created by lift
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force. Accounting for drag force when solving the BEM will result in an over-estimation of the axial induction factor, while the
tangential induction factor is under-estimated. To improve the accuracy of the BEM method, in this paper, the 1D momentum
theory is corrected using a new far wake expansion modelto take into account the radial flow effect. The blade element theory
is corrected for three-dimensional effects through an improved stall delay model. An improved solution method for the BEM
equations respecting the Kutta-Joukowski theorem is proposed. The improved BEM model is used to estimate the aerodynamic
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loads and velocities on the National Renewable Energy Laboratory Phase VI rotor blades. The results of this study show that
the proposed BEM model gives an accurate prediction of the loads and velocities compared to the classical BEM model.
1

Introduction

Thanks to its simplicity and robustness, the blade element momentum (BEM) theory has been widely used in the wind industry
for the design and optimization of wind turbine rotors (Tangler, 2002). It was first introduced by Glauert (1935), as The
BEM
::::::::
25

theory
is a combination of the 1D momentum theory (MT) and the blade element theory (BET). The 1D MT, developed
::::::::
1

by Glauert (1935)::::
first :::::::
proposed:::
by::::::::::::::
Rankine (1865), is describing the process of energy extraction by the wind turbine rotor
::::
using the conservation laws of fluid mechanics. The BET, developed by Froude (1878) , is describing the local loadings
and velocities computation :::::::::::
computations:on a blade element
using airfoil theory. Some assumptions in the BEM theory are
:::::::
corrected to make the prediction more realistic. The assumption of an infinite number of blades in the 1D MT is corrected
30

using the Prandtl (1921) tip and hub loss model. The three-dimensional effects (3D stall delay) are also taken into account by
correcting the 2D aerodynamic coefficients in the BET. However, The BEM model still suffers from its inaccurate prediction
of induced velocities and the non-dimensional loading.
Later, Glauert (1935) finalized the BEM method by describing a full BEM method including wake swirl, turbulent wake state

:::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::

based
on experimental data by Lock (1925) and tip loss concept by Prandtl (1921). Since then many engineering corrections
:::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::
35

were
proposed to refine some assumptions in both theories. The 1D MT equations are originally developed by Glauert (1935)
::::::::::::::::::::::::::::::::::::::::::::::::
derived:::::
from the general momentum theory (GMT) with
additional assumptions. The first simplification was
by simplifying ::::::
::::::::::::::::::::::
neglecting all nonlinear tangential velocity terms; as a result, the pressure drop due to wake rotation was neglected. The
second simplification was using the GMT equation in differential form, which has been proven to be wrong by Goorjian
(1972). Consequently, the axial induction in the far wake is taken as twice the induction at the rotor disc. ::::
Very::::::::
recently,
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Limacher
and Wood (2020) derived an impulse formulation having the advantage of avoiding the pressure term arising from
:::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::
the
expansion of the streamtube, thus the concern of Goorjian (1972) can be avoided. However, the GMT formulation still
:::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::
accounts
for the pressure term due to wake expansion.
::::::::::::::::::::::::::::::::::::::::::::
Joukowski (1912) and Sharpe (2004) considered the effect of the pressure drop due to wake rotation, they found out that the
rotor power coefficient increases at low tip speed ratioand can exceed the Betz-Joukowsky limit:. ::::::::::::
Wood (2007) confirmed
the
:::::::::::
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finding
of McCutchen (1985) that the rotational velocity contribution to the energy equation is canceled by the contribution of
:::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::
the
radial pressure gradient. However, in
Joukowski model, the maximum power coefficient is always exceeding the Betz limit
::::::::::::::::::::::
::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::
and
that it increases toward infinity at a low tip-speed ratio. This problem was discussed by Sørensen and van Kuik (2011) .
:::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::
It
was suggested that the large increase in power coefficient, at small tip-speed ratios, is due to the lack of the lateral pressure
:::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::
on the control volume. Neglecting the lateral pressure, even if the lateral pressure is low, will result in an unrealistic power

:::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::
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coefficient
at a low top speed ratio. A similar problem arises in Glauert 1D expansion model, where the expansion area increases
:::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::
toward
infinity with increasing tip-speed ratio. The influence of the pressure drop due to wake rotation is important for slow
::::::::::::::::::::::::::::::::::::::
running rotors when the tip-speed-ratio is small (Vaz et al., 2011) . In contrast, For modern wind turbine rotors operating with
hight high
rotational speed and low torque (low solidity, typically 7% or less), the rotational kinetic energy in the wake will
::::
be small (Gupta and Leishman , 2005). As a result, the pressure drop due to wake rotation can be neglected. But, the use of
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an erroneous differential form of the GMT, will result in the cancelation of wake expansion by the pressure drop due to wake
rotation. The power loss from wake rotation at a low tip speed ratio will be almost canceled by the increased mass flow through
the rotor (De Vries (1979), Sharpe (2004), and Xiros and Xiros (2007)). However, at the level of spanwise loading, the wake
expansion and pressure drop due to wake rotation do not cancel each other. In fact, The spanwise loading will be reduced at
the tip region due to the presence of radial flow, and ::
it will be augmented at the hub region due to the pressure drop due to
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wake rotation ( Mast et al. (2004), Dossing et al. (2012), and Madsen et al. (2010)). Recently, Sun et al. (2016) proposed
2

an improved formulation of GMT accounting for both effects and found out that the axial induction factor in the far wake is
always smaller than twice the axial induction at the rotor plane.
The classical BEM theory works well at low and moderate tip speed ratios, but it is not reliable at high tip speed ratios where
the expansion of the wake is large (Sørensen et al. , 1998). Whale et al. (2000) through Through
an experimental investigation
:::::::
65

Whale
et al. (2000) found out that the wake expansion immediately behind the rotor becomes more pronounced towards high
::::::::::::::::
tip speed ratios. Carrión et al. (2015) performed a CFD analysis of the wake behind the Mexico rotor, They concluded that
the higher the tip speed ratio, the more expansion of the wake. Recently, Micallef et al. (2013) performed a numerical and
experimental investigation of the radial flow close to the rotor plane. They showed that the radial velocity reaches important
magnitudes especially in the tip region and it is predominantly outboard, as a result, the wake expands. As for the root region,
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they found that there is almost no expansion of the wake. Herráez et al. (2014) has shown that the high axial induction will
lead to an important wake expansion caused by a significant radial flow, especially in the tip region. Madsen et al. (2010)
performed a comparison between the classical BEM and actuator disc. They found a close correlation between the AD and the
classical BEM model for the integral value of the power coefficient. However, locally along the blade radius, they found that
the classical BEM model overestimates the power coefficient and under-estimate the axial induction on the outboard part due
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to the wake expansion. Similarly, Johansen et al. (2004) found that a slightly lower induction in the tip region compared with
the EllipSys3D computations. To correct the 1D MT, Madsen et al. (2010) proposed an empirical model to correct directly the
induction for the expansion effect by fitting the AD simulations. Recently, Sun et al. (2016) proposed a generalized formulation
of MT accounting for radial flow. However, in order to close the equation system, They used the semi-analytical AD equation
of radial flow taken from the AD simulation by Madsen et al. (2010). Nevertheless, these BEM models are strongly coupled
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and require multiple iterative loops to be solved. As a result, they are computationally expensive compared to the classical
BEM model, especially when used for the optimization of wind turbines rotors.
Considering the complexity of three-dimensional flow around a rotating blade, the non-dimensional 2D lift and drag, extracted from a wind tunnel for a given airfoil, fail to predict the aerodynamic loadings on a rotating blade at the inboard
sections of the blades. In the last decades, extensive studies of this phenomenon were performed and several correction models
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were proposed (Spera (2009), Butterfield et al (1992), Lee and Wu (2013), Snel et al. (1993), and Breton et al. (2008)).
These studies agree on the fact that for low wind speeds and angles of attack bellow the static stall angle, the flow remains
attached to the blade and there is a minor difference between the lift and drag of a rotating blade and a non-rotating blade.
howeverHowever,
when the 3D stall occurs at hight high
angles of attack, the flow began begins
to separate from the blade
:::::::
::::
:::::
surface ::::::
surface::
of:::
the::::::
blade, and rotate with the bladeit.
As a result, flow is subjected to rotational forces namely centrifugal
:
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and Coriolis forces. The centrifugal force induces an outboard radial flow, thus, the radial flow induces Coriolis forces that act
as a favorable pressure gradient in the chord-wise direction. These forces lead to a delay in the separation process, resulting in
an increase in the maximum lift coefficient at a higher angle of attack. This phenomenon is known as stall delay or rotational
augmentation. However, based on the comparative study performed by Breton et al. (2008) on six existing stall delay models,
they concluded that these models fail to predict the 3D behavior compared to NREL’s phase VI experiment mainly because
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of their lack of generalitysince this phenomenon is not yet fully understood. However, compared to other stall delay models,
3

.:Bak et al. (2006) model was found to have superior accuracy,::::::::
compared:::
to ::::
other::::
stall:::::
delay:::::::
models, thanks to the modeling
approach that was based on estimating the pressure gradient instead of estimating the gradient of the force due to rotational
effects. However, Bak et al. (2006) model is still over-estimating the loads. This original approach was adopted by Wang et al.
(2013) to propose a new stall delay model by solving simplified Navier-Stocks equations for the pressure. Nevertheless, these
100

modelsstall
delay models, that are based on estimating pressure gradient,:are strongly empirical and showing a relatively good
:::::::::::::::
agreement with experimental data. However, Bak et al. (2006) model is not yet extensively validated, particularly, the force
distributions along the blades (Breton et al. , 2008).
Moreover, The classical BEM model computes the induced velocities by solving iteratively the BEM equations accounting
for the drag force. However, the induced velocities are produced by vortices (lift or circulation) according to vortex theory
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and particularly the Kutta-Joukowski theorem (De Vries , 1979). Thus, the induced velocities are only created by lift force.
The:::::::::::
aerodynamic:::::
losses::::
are ::::::
present ::
in::::
both:::::
BET :::
and::::
MT.::::
The :::
MT::::::::
assumes :::
that:::
the:::::
rotor :::
has::
an:::::::
infinite
Lindenburg (2003) :::
number
of blades. In reality, the rotor has a finite number of blades and the blade has a finite span. Prandtl (1921) has shown
::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::
that in the case of a non-swept rotor blade , the relative induced velocity on the airfoil is a result of the circulation around it.
Thus, it is perpendicular to the local relative flow. Wilson and Lissaman (1974) pointed out that the drag should be excluded
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from BEM equations because the drag-based velocity deficit is only a characteristic of the wake and it does not contribute
to the induced velocity at the rotor disc:::
the :::::
blade :::::::::
circulation ::::
tend ::
to ::::
zero::
at:::
the::::::
blade’s::::
tip. :::::
Later, :::::::::::::
Glauert (1935) proposed
a
:::::::::
simple
approximation of Prandtl (1921) tip loss, which is commonly used in BEM codes. Glauert (1935) tip loss corrects the
:::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::
axial
and tangential induction factors. Wilson and Lissaman (1974) and De Vries (1979) refined it by correcting the mass flux.
:::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::
De Vries (1979) correction was found to be the most suitable for blade optimization. However, the power coefficient improves

:::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::
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about
1% compared to the BEM without tip loss (Clifton-Smith , 2009). Recently, Shen et al. (2005) made a detailed analysis
:::::::::::::::::::::::::::::::::::::::::::::::::::::::::
of BEM equations in the tip region. It was found that if we account for the drag force in the BEM equation, the relative velocity
Wood et al. (2016) ::::::::
proposed
becomes zero at the tip , which is not physically true since the tip vortex is created at the blade ::::::::::::::::
three
methods for direct calculation of tip and then converted into the wake. Given these arguments, it is still arguably if the drag
:::::::::::::::::::::::::::::::
should be excluded from the BEM equations when computing the induced velocities ( Burton et al. (2001) and Hansen (2015)
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). In either case, the drag force should be accounted for once the induced velocities are computed; since the drag force has an
impact on the performance of a wind turbine rotor::::
loss,:::::
using ::::::
helical vortex
theory, that improve the prediction for all tip speeds.
:::::::::::::::::::::::::::::::::::::::::::::::
Especially,
at low tip speed where the classical Glauert correction is inaccurate. Later, Wood and Okulov (2017) analyzed the
:::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::
nonlinear
terms in the thrust and torque coefficient due to finite number of blades . Nonlinear terms were found to be important
:::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::
in
the tip region at a low tip speed ratio. Glauert (1935) tip loss model is adopted in this work because it is accurate at a high
:::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::

125

tip
speed ratio, where the expansion effect is important. The blade element theory neglect the span-wise dimension effect by
:::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::
using
2D airfoil data to compute the loads near the tip, however, the loads should tend to zero at the tip allowing to pressure
:::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::
equalization
Shen et al. (2005). The tip loss mechanism was studied by Wimshurst and Willden (2018), and it was attributed
:::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::
to
the effect of the vorticity shedding from the outboard blade sections. Shen et al. (2005) proposed a modified tip loss of
:::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::
Glauert
to take into account this kind of aerodynamic loss. Recently, Shen tip loss correction was re-calibrated in axial and
:::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::
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tangential directions separately, using Mexico data (Wimshurst and Willden , 2017). Thus, improving the tangential loading

:::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::

4

and
power predictions. Schmitz and Maniaci (2017) adopted Shen et al. (2005) approach to correct the Glauert tip loss for
:::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::
the
effect of tip roll-up vortex and wake expansion in the tip region.
::::::::::::::::::::::::::::::::::::::::::::::::::::::
This manuscript is organized as follows. In Section 2, the GMT is applied to low solidity wind turbine rotors, then a new
far wake expansion model is proposed using dimensional analysis. In Section 3, the blade element model is described, then
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an improved stall delay model is proposed. In Section 4, An improved BEM model respecting the Kutta-Joukowski theorem
is given, the ::::
The improved BEM equations are solved using the guaranteed convergence algorithm. In Section 5, A detailed
validation of the proposed BEM model is performed based on the experimental results of the NREL Phase VI rotor (Hand et
al , 2001). At last, the conclusion and further improvements of the BEM model will be given.
2
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Improved momentum theory

2.1

General momentum theory applied to low solidity wind turbines

The general momentum theory (GMT) is based on a global description of the flow around the wind turbine rotor. The rotor
is modeled as an actuator disc with an infinite number of blades. The flow is considered steady, incompressible,:and axisymof the flow. The axial and radial velocity
metric. The GMT take into account the radial, axial and azimuthal velocitiesvariation
::::::::::::::::
velocities are continuous, while the azimuthal velocity has a discontinuity at the actuator disc. A rotation of the flow is present
::::::::
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in the wake, and it is absent upstream of the rotor disc. The pressure drop at the rotor disc is due to the change in azimuthal
velocity at the rotor disc (Sørensen , 2016). Assuming that the air masse contained in the rotor disc is separate from the rest of
the air in the rotor plane, as a result, the air masse at the rotor disc can be contained in a circular boundary surface. It can be
extended upstream and downstream of the rotor forming a long stream-tube of circular cross-sections. Since the air within the
circular boundary of the stream-tube is assumed to be incompressible; the cross-sectional area of the stream-tube must expand
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to accommodate the drop in wind speed. Thus, the conservation laws of fluid mechanics can be applied globally along the
stream tube or locally along an annular stream tube (see Fig. 1).
The annular element of the actuator disc is taken at a radial position r and the actuator disc rotating with a rotational speed
noted Ω. The annular element at the far wake is taken at a radial position rw and rotating with a rotational speed noted ωw . Due
to the discontinuity in the rotational motion of the flow at the rotor plane, The tangential velocity at the rotor disk is taken as the
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average of the upstream and downstream plane Vt = −rΩa0 . Since there is no rotation of the flow in the upstream planplane,
::::

the tangential velocity is zero upstream of the rotor Vt+ = 0, the tangential velocity straight after the rotor Vt− = −2rΩa0 , and
Vtw = −rw ωw in the far-wake. In contrast, the axial and radial velocities are continuous, thus the radial and axial velocities

straight after and before the rotor are identical. The radial velocity in the far upstream and downstream plans ::
far:::::::::::
downstream

planes
is zero since there is no expansion of the far upstream and downstream wake. In the rotor plane, the radial velocity is
::::::

5

w

+

-

0

dr
rw

r

Ω
ωw

Figure 1. Actuator disc concept
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plane Un
noted Urad . The axial velocity in the far upstream is equal to the free stream U0 . The axial velocity in the rotor plan :::::
and The axial velocity in the far wake Unw are defined by Eq. (1) and Eq. (2), respectively.

Un (r) = U0 (1 − a(r))

(1)

Unw (rw ) = U0 (1 − b(rw ))

(2)

::

::

:::

:::

tangential induction at the rotor plane, and axial induction
Where a, a0 , and b are: the axial induction at the rotor planplane,
::::
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at the far wake, respectively.
Applying the conservation laws under the assumption of the general momentum theory, the governing equations can be
found. The thrust (Eq. (3)) and torque (Eq. (4)) at a given radius of the rotor disc are given by (Sørensen , 2016). The GMT
accounts for the pressure drop due to wake rotation, the wake expansion, and the pressure contribution to the lateral force
component.
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CT = 2b(1 − a) +

1 − a p0 − pw
1
dTp,Side
+
2
2
1 − b 1/2ρU0
1/2ρU0 dA

(3)

CQ = 4a0 (1 − a)λr

(4)
6

Where, dTp,Side is the pressure contribution to the lateral force component, dA is the elementary disk area, and ρ is the air
density. pw and p0 are the pressure in the far wake and the atmospheric pressure respectively. λr = rΩ/U0 is the speed ratio.
The thrust coefficient in the GMT does not form a closed and solvable system because the unknowns number is too high
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compared to the number of the equations. Consequently, additional assumptions need to be introduced. The lateral force
component, dTp,Side is difficult to determine and can be found using CFD, however, this term is generally considered to be
small (Sørensen , 2016). Thus, the annular element are independent of each other. Additionally, modern :::::::
Modern horizontal axis
wind turbines (HAWT) are operating at high rotational speed in order to minimize the wake rotation losses and thus extract
more power (Gupta and Leishman , 2005). As a result of high rotational speed, the rotor will have less solidity than a rotor
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operating at low rotational speed (Burton et al., 2011). Additionally, low solidity wind turbines ( typically 7% or less) will
result in a low manufacturing cost of the blades (Tangler (2000) and Burton et al. (2011)). As a result, the pressure drop due to
wake rotation can also be neglected (p0 = pw ).
The
lateral force component, dTp,Side::
is:::::::
difficult::
to:::::::::
determine :::
and:::
can:::
be :::::
found :::::
using :::::
CFD, :::::::
however,::::
this ::::
term ::
is ::::::::
generally
::::::::::::::::::::::::::::::
considered
to be small (Sørensen , 2016). Thus, the annular elements are independent of each other, and the far wake axial
:::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::
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induction
is taken twice the axial induction at the rotor disc (b=2a), corresponding to Glauert 1D MT model. However,
:::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::
neglecting
the lateral force component will result in an unrealistic wake expansion area in the 1D far wake expansion model
:::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::
(Eq.
(5)) at higher axial induction (see Fig. 2), which contradict the initial assumption of annular independence. Consequently,
:::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::
Glauert
model is only consistent at a very low axial induction factor, where both the governing equation (Eq. (3)) and continuity
:::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::
equation
(Eq. (5)) respect the annular independence and small expansion conditions. Glauert model assumes simply that
:::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::
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the axial velocity at the rotor disk (U ) is a mean value of upstream velocity (U ) and far wake axial velocity (U

). This

n :::::::::::::::::::::::::::::::::::
0 ::::::::::::::::::::::::::::::
nw ::::
::::::::::::::::::::::::::::::::

relationship
is independent of operating conditions and rotor geometry. In order to ensure the small expansion for higher axial
:::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::
induction,
the expansion ratio (χ = b/a) needs to be accurately estimated by taking into account the operating conditions and
:::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::
rotor
geometry.
:::::::::::::
r
rw
1−a
=
r
1 − 2a
::::::::::::
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(5)

The thrust coefficient becomes similar to 1D MT except for the expansion effect that is parameterized by the far wake
expansion ratio (χ = b/a)to be determined:. :::
the ::::::::
expansion:::::
ratio will
be accurately estimated instead of taking b = 2a as the 1D
:::::::::::::::::::::::
MT. The hypothesis of an infinite number of blades is corrected using the Prandtl tip and hub loss model (Prandtl, 1921) . The
thrust and torque are given by Eq. (6) and Eq. (7), respectively.
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CT = 2χaF (1 − a)

(6)

CQ = 4a0 F (1 − a)λr

(7)
7

Figure 2. :::
1D MT
Far wake expansion radius as a function of axial induction factor
::::::::::::::::::::::::::::::::::::::::::::::::::

Prandtl tip and hub loss model F = Ftip Fhub is given by Eq. (8) and Eq. (9), respectively.

Ftip =

N R−r
2
cos−1 (exp[−
])
π
2 rsin(φ)

(8)

Fhub =

2
N r − rh
cos−1 (exp[−
])
π
2 rh sin(φ)

(9)

Where φ is the inflow angle, R is the tip radius, rh is the hub radius, and N is the number of blades.
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Note that the radial flow is absent in the thrust coefficient equation because of the absence of radial flow in the far upstream
and downstream to the actuator disc and it is only present in the near wake, reaching a maximum at the rotor disc when
following a streamline (Van Kuik , 2017a). This was proved by Van Kuik (2017a) using vorticity-based arguments. As a result,
When applying the conservation of momentum, the radial flow is canceled out, but its effect remains present in the far wake by
the far wake expansion ratio.
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2.2

New far Wake expansion model

The far wake expansion radius can be found by applying the conservation of the axial flow between the rotor disc and the far
wake. It is given by Eq. (10).

rw
=
r

r

1−a
1−b

(10)
8

In :::
the case of the 1D MT, the far wake axial induction is taken as twice the axial velocity in the rotor plan ::::
plane:(b=2a), the
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1D far wake expansion radius is given by Eq. (??:5).
rw
=
r

r

1−a
1 − 2a

1D MT Far wake expansion radius a a function of axial induction factor
One of the major drawbacks of the 1D MT far wake expansion model is the unrealistic expansion when the axial induction
is approaching 0.5 as the wake velocity tends to zero as shown in Fig. ??2.
For this reason, the MT is replaced by an em:
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pirical equation for axial induction higher than a critical value between 0.2 and 0.4 depending on the empirical model used
(Pratumnopharat et al, 2011). Low solidity wind turbines are characterized by small wake expansion compared to high solidity
rotors (Sezer-Uzol and Uzol (2013), Sørensen and Kock (1995), and Zahle and Sørensen (2007)).Thus:, for a given axial
induction factor, the far wake expansion radius for low solidity rotors will be further over-estimated. Consequently, the 1D MT
will be valid only for a very low axial induction factor which corresponding to a very
low tip speed ratio. This is generally
::::
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because the far wake expansion ratio in 1D MT is independent of operating conditions and geometry of the wind turbine rotor.
To take into account the operating conditions and rotor ’s geometry effects on the far wake expansion ratio. First, the
fractional decrease in axial wind speed between the rotor plane and the far wake is defined by Eq. (11). It is a normalized and
dimensionless quantity between 0 and 1. In case of no expansion of the wake ξ = 0, and the limiting case ξ = 1 corresponds
to the maximum wake expansion ratio ( b=2a) since b/a < 2 according to GMT. Second, the classical dimensional analysis
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(Graebel , 2001) is used to identify all relevant dimensional grouping to the far wake expansion, then applying the Buckingham
pi theorem to estimate the fractional decrease in axial wind speed ξ. Hence, the far wake expansion ratio can be computed by
χ = ξ − 1χ
= ξ + 1.
::::::::
ξ=

b−a
a

(11)

All dimensional parameters that are relevant to the far wake expansion are identified. They are shown in Table 1. The actuator
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disc geometry parameters include the blade tip radius R, the local radial station r, and the blade number N . The flow conditions
are the free stream speed U0 , the rotor rotational speed Ω, and the additional velocity induced by the wake ν (m/s). The classical
Buckingham pi theorem states that the number of dimensionless groupings is equal to the number of dimensional parameters
subtracted by the number of independent dimensions (length, time). Note that the blade number is already dimensionless. thus,
there are a total of three dimensionless groupings: the normalized blade radius, the tip speed ratio, and additional velocity
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induced by the wake normalized by the free stream. The blade number is the fourth dimensionless number (Table 2).
The above dimensionless grouping can be further reduced to one dimensionless group that characterizes the wake, which is
the apparent helical pitch (Eq.12) relating the rotor parameters (N, λ, r/R) to the far wake parameters (h̄, ν̄).

h̄ =

h
2π
=
(1 − ν̄)
N r N (r/R)λ

(12)
9

Table 1. Parameters relevant to far wake expansion ratio.

Blade geometry

Flow conditions

r R N

U0

Ω

ν

Table 2. Dimensionless groupings relevant to far wake expansion ratio.

Blade geometry
r
R

N

Flow conditions
λ=

RΩ
U0

ν̄ =

ν
U0

Where, h is the helical pitch of the wake, and h̄ is the normalized apparent helical pitch of the wake.
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This finding is in accordance with vortex theory, where the far wake parameters (rw , h, ν) are related to the near wake
(r, R, N, λ, CT ) by an expansion model (Okulov et al. (2015)). The thrust coefficient is excluded in this work since it is already
depending on the wake expansion and also to avoid a strong coupling of BEM equations. Thus, the dimensionless expansion
radius rw /r depends on the apparent helical pitchh̄, dimensionless velocity induced by the wake ν̄. However, according to
Okulov et al. (2015), for small expansion of the wake, the additional velocity induced by the wake of the tip vortices equals
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half the averaged induced axial velocity with a correction of a small expansion ( = rw − r) as shown in Eq.13. As a result, the

velocity induced by the wake has a small variation (0 ≤ ν̄ ≤ 0.25(1 + )), when the rotor is operating in the momentum region

(0 ≤ a ≤ 0.5), compared to the apparent helical pitch varying from zero to infinity. Thus, the additional velocity induced by

the wake can be neglected and the apparent helical pitch is considered as the most important dimensional parameter.


a
ν̄ = (1 + )
2
R
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(13)

Before applying the Buckingham pi theorem to estimate the fractional decrease in axial wind speed, the normalized apparent
√
helical pitch should be normalized by the relative distance r2 + h2 instead of the blade radius only. According to the pi
theorem, the fractional decrease in axial wind speed is given by Eq. (14). As a result, the far wake expansion ratio is given by
Eq. (15).

ξ = a0 (

h/N
r
r
p
p
)b0
2
2
2
r
(r + (h/N )
r + (h/N )2

(14)

::::::::::::
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h̄
h̄
p
χ(r) = 1 + a0 ( p
)b0
1 + h̄ 1 + h̄2

(15)

:::::::

10

Where a0 and b0 are empirical parameters. In this paper, these parameters are taken as First,
using the limiting case (λ →
− 0),
::::::::::::::::::::::::::::::

the
parameter a0 :is::::::
found ::
to ::
be::::::
always:::::
equal::
to:::::
unity:(a0 = 1).:::::
The ::::::::
parameter:::
b0 :::
has ::::
been::::::::
estimated:::::
from :::::::::::
experimental ::::
data
::::::::::::::
of the NREL phase VI. Only data at one tip speed ratio is enough to estimate b . However, in order to cover a broader range

0 ::::::::::::::::::::::::::::::::::::
:::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::

of
tip speed ratio, we used the data of the NREL phase VI at U0 = 5m/s, U0 = 7m/s, ::::::::::::
corresponding ::
to :a:::
tip:::::
speed:::
of ::::
7.58
:::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::
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and b0 = 1 for the NREL Phase VIrotor::::
5.41 ::::::::::
respectively.::::::::::
Comparing:::::::::
computed :::
and:::::::::
measured ::::::::::
distributions:::
of ::::::
normal::::
and
tangential
forces, it was found that b0 ≈ 1:::::
gives :::
the :::
best:::::
curve::
fit. Once the far wake expansion ratio is found, the new far wake
:::::::::::::::::::::::::::::::::

expansion radius can be computed using Eq.16 as follows:

rw
(r) =
r
3
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3.1

s

1 − a(r)
1 − a(r)χ(r)

(16)

Blade element model accounting for stall delay effect
Blade element theory

The blade element theory assumes that the blades are made up of a number of blade elements arranged in the spanwise direction,
so the airfoil theory can be used to compute the local loads and velocities acting on each blade element. The BET assumes
that the blade elements are aerodynamically independent and do not have any interference between them. The loads can be
obtained from the 2D lift, drag,:and moment coefficients of the airfoil at any radial position. The inflow is known at the blade
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and a lifting-line assumption is used (Branlard , 2017). As a result of these assumptions, the global loads on a blade can be
integrated over the total blade span incorporating the velocity terms, to obtain the thrust, the torque, and power developed by
the blade. This is further multiplied by the number of blades to get the total rotor thrust, torque, and power.

Chord line
Pn
L

Φ
D

Pt

Blade rotational plane

Ut
θ

α

Ur

Figure 3. Velocity triangle and resulting aerodynamic foeces :::::
forces applied to an airfoil.

11

Φ
Un

A blade element is an infinitesimal fraction dr of the blade radius R at a radial position r, so it can be considered as an
airfoil. An airfoil is defined with by its chord c(r), its twist θ(r) and its shape. The relative wind applied to a blade element,
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noted Urel (r), is decomposed into a normal component Un (r) and a tangential component Ut (r) to the rotor plane. Three
characteristic angles defined by the velocity axis and the chord axis: the flow angle φ(r) between the tangential and relative
velocity and it is assumed to be known, the airfoil twist θ(r) about to the rotor plane, and the angle of attack α(r) between the
relative velocity and the chord axis and it is related to aerodynamic loads. Since the lifting-line assumption is used, the velocity
triangle can be defined in terms of the axial and tangential inductions factors a and a0 (Eq. 17 and Eq.18). The relationship
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between these angles and the velocity components are given in Equations 19 and 20. The blade element, velocity triangle, and
aerodynamic forces are shown in Figure 3.

Un = U0 (1 − a)

(17)

Ut = Ωr(1 + a0 )

(18)

tan(φ) =

290

Un
Ut

(19)

(20)

α = φ−θ
The lift and drag forces per unit of length applied on the blade element of the surface are defined as follows:
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2
L = 1/2ρcUrel
Cl2D

(21)

2
D = 1/2ρcUrel
Cd2D

(22)

Where (Cl2D (α), Cd2D (α)) are the 2D lift and drag coefficients respectively. The normal and tangential forces per unit of
length are defined as the projection of the lift and drag on the longitudinal plane and rotor plane (Fig. 3). They can also be
defined in the function of normal and tangential coefficients.

2
Pn = 1/2ρcUrel (Cl2D cos(φ) + Cd2D sin(φ)) = 1/2ρcUrel
Cn2D

12

(23)

2
2
Pt = 1/2ρcUrel
(Cl2D sin(φ) − Cd2D cos(φ)) = 1/2ρcUrel
Ct2D
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(24)

Since the wind turbine rotor has identical blades, the loading on the blade elements of the blades at the same radius will be
also identical. The local thrust, torque and power coefficients applied to an elementary annulus at a radial position r of the rotor
disc are defined as follows:
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CT =

N Pn dr
(1 − a)2
=
σCn2D
1/2ρU02 2πrdr
sin2 (φ)

(25)

CQ =

(1 − a)(1 + a0 )
N Pt rdr
=
λr σCt2D
2
1/2ρU0 r2πrdr
sin(φ)cos(φ)

(26)

(1 − a)(1 + a0 ) 2
λ σCt2D
sin(φ)cos(φ) r

(27)

CP = CQ λr =

where σ = N c/(2πr) is the local solidity.
3.2

3D stall delay modeling

The stall delay phenomenon is still challenging current 1D models as it was shown by Breton et al. (2008)by performing a
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comparative study of several stall delay model. However, Bak et al. (2006) model was found to have superior accuracy thanks
to the modeling approach that was based on estimating the pressure gradient due to rotation instead of estimating the loading
fully:validated for the spanwise
gradient. Although, Bak model is still over-estimating the loads. In addition, it is not yet fylly::::
distribution of the loadings. In this work, The stall delay model originally developed by Bak et al. (2006) will be improved
based on recent advances in this subject.
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3.2.1

Bak model

Bak et al. (2006) was the first to develop a stall delay model that is based on estimating the pressure gradient instead of the
force gradient due to the blade rotation. Bak
et al. (2006) assumed that the chordwise flow is zero in the separated area, which
:::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::
is
the same assumption made by Corten (2001) and (Lindenburg , 2003) to describe the centrifugal pumping mechanism due
:::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::
to
rotation. Thus, the radial flow is assumed to be dominant compared to the chordwise flow in separated area. The centrifugal
:::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::
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pumping
mechanism is described as follows, the centrifugal force induce a radial flow in the separated area, which in turn
:::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::
induce
a chordwise Coriolis force that delays separation and amplifies the pressure in separated area. The pressure gradient
:::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::
is defined as the product of two functions: An amplification and a shape. The amplification was estimated as the ratio of the
13

sum of centrifugal and Coriolis force to the pressure force, these forces were estimated through an order of magnitude analysis
of NS equations. The shape was estimated through a simple empirical equation based on fitting the 3D experimental data of
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NREL phase VI at 30% of the blade radius. The pressure gradient is given by Eq. 28.

x α − α0 2
∆CP = 5(1 − )(
)
c α1 − α0

r

1+(

R 2c
1
)
r r 1 + tan2 (φ)

(28)

Where α0 is the AoA at which the flow begins to separate and α1 is the AoA at which the flow is completely separated. For
the S809 airfoil used in the NREL phase VI rotor. α1 and α2 can be approximately taken as 6.2o and 21o . x/c is the normalized
chord-wise position.
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The normal and tangential forces gradient is found by integrating the pressure gradient over the full chord.

∆Cn =

x/c=1
Z

x
∆CP d( )
c

(29)

x/c=0

∆Ct =

y/c=y/c(trailing−edge)
Z

y
∆CP d( )
c

(30)

y/c=y/c(leading−edge)

The 3D normal and tangential force coefficients are computed by
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Cn3D (α) = Cn2D (α) + ∆Cn

(31)

Ct3D (α) = Ct2D (α) + ∆Ct

(32)

3.2.2

Improved Bak model

The stall delay model proposed by Bak assume :::::::
assumes:that the chordwise velocity is zero and the spanwise velocity is
dominant when the flow is separated. This hypothesis was also adopted by Corten (2001) based on an experimental study
on the flow separation on the wind turbine blade. As a result, this model is only valid inside the separated area where the
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radial flow is constant. Assuming that the pressure gradient induced by the spanwise flow in the separation area mainly affects
the normal force of the local airfoil, since the pressure gradient depends only on the chord-wise position. This is similar to
the analysis of (Lindenburg , 2003). The normal force gradient can be computed by integrating the pressure gradient in the

14

separated area is given by Eq. 33,::::
The ::::::::
proposed :::::::::::
improvement::
is ::::::::
consistent:::::
with :::
the :::::::::
centrifugal ::::::::
pumping :::::::::
mechanism::::
and :::
the
normal
force gradient becomes dependent on the separation factor, which is a measure of the separated area on the airfoil.
:::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::
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∆Cn =

Z1

x/c

x
5
α − α0 2
∆CP d( ) = f 3 (
)
c
3
α1 − α0

r

1+(

R 2c
1
)
r r 1 + tan2 (φ)

(33)

Where f = 1 − x/c is the trailing edge separation factor. It can be estimated using the Kirchhoff-Helmholtz model (Eq. 34)

that is commonly used in the dynamic stall computation (Leishman and Beddoes , 1986).
 v
u
f = 1 − 2u
t

2
Cn2D
−1
∂Cn2D
(α − α0 )
∂α

(34)

Note that the improved bak model is in good agreement with Wang et al. (2013) findings. Since, Wang et al. (2013) solved
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the inviscid stall delay model developed by Corten (2001). They found that the shape of the normal force gradient to be a
third-order plynomial polynomial
as a function of the trailing edge separation factor, which is consistent with Eq. 33.
:::::::::
3.2.3

Performance tip loss correction

The blade element theory does not take into account the finite span of the blade; it treats all sections of the blade the same way.
In reality, this is not true because there is always aerodynamic loss at the tip of the blade (Shen et al. , 2005). The performance
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tip loss is used to correct the 3D aerodynamic force coefficients; since the forces should converge to zero at the tip to equalize
the pressure between the upper and lower surface of the blade. Shen’s tip loss model (Shen et al. , 2005) is used in this paper.
It is given by Eq. (35).

F1tip =

N R−r
2
cos−1 (exp[−h(r)
])
π
2 rsin(φ)

(35)

(36)

h0 = exp[−c1 (N λ − c2 )] + 0.1
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The correction function h0 is depending only on the number of blades and the tip speed ratio. The constants c1 and c2 are
determined from experimental data. In case of the NREL phase VI rotor: c1 = 0.125 and c2 = 21.
The 2D aerodynamic data used in this work are taken from Lindenburg (2003) for the non-rotating blade. The performance
tip loss model will be used in both Bak and improved Bak models. The 3D correction of the lift and drag are is::given by Eq.
(37) and Eq. (38).
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(37)

Cl3D (α) = F1tip (Cl2D (α) + ∆Cn cos(α))
15

(38)

Cd3D (α) = F1tip (Cd2D (α) + ∆Cn sin(α))
4

Improved BEM model

In order to compute the BEM solution (a, a0 , φ), the improved BEM model needs to be completed by respecting the KJ theorem
and using a:::
the ::::::::
turbulent wake state model for axial induction factor a > ac . Then, the improved BEM equations will be solved
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using the guaranteed convergence algorithm to avoid any convergence issues.
4.1

Induced velocities computational method

The conceptual model of Kutta-Joukowski for the wind turbine rotor is identical to the BET, except for the exclusion of
drag force. Since, the induced velocities are produced only by lift force according to vortex theory and particularly the
Kutta-Joukowski theorem (Okulov et al. , 2015). As a result, The orthogonality condition must be respected between the total
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lift force and the relative velocity (see Fig. ??).
KJ Velocity triangle and resulting aerodynamic foeces applied to an airfoil.
By applying The Kutta-Joukowski theorem to a blade element of length dr, the total force is given by Eq. (??).

LKJ = ρUrel Γ
Where, Γ is the circulation vector defined by Eq. (??).
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Γ = 0.5cUrel CL
The local thrust and torque produced at an elementary annulus at a radial position r of the rotor are obtained from the
superposition of the local contributions LKJ of each of N blades. The local thrust and torque coefficients applied to an
elementary annulus are given by Eq. (??) and Eq. (??).

CTKJ = σ
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CQKJ =

(1 − a)2
Cl3D cos(φ)
sin2 (φ)

(1 − a)(1 + a0 )
λr σCl3D sin(φ)
sin(φ)cos(φ)

The momentum theory is valid up to a critical value of the axial induction factor (a < ac ). For higher induction the wind
turbine operating in the turbulent wake state. Thus, an empirical relationship between the thrust coefficient and the axial
16

induction factor is needed. In this paper, Buhl and Marshall (2005) approach is used because it does not suffer from numerical
discontinuity between the theoretical and empirical thrust coefficients,:and also it shows a good agreement with experimental
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data. The proposed correction model is developed following the approach of Buhl and Marshall (2005). The thrust coefficient
for the axial induction factor larger than a critical value ( a > ac = 0.4) is given by Eq. (39).

CT =

 50

8 
40 
a+
+ 2χF −
− 2χF a2
9
9
9

(39)

It is clear that this equation is very similar to the original Buhl and Marshall (2005) correction. Equation 39 can be reduced
to that of Buhl if relation the far wake expansion ratio χ = 2.
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Algorithm solution

4.1

Historically, the solution method for solving the BEM equations is based on taking the axial and tangential induction factors as
the unknowns, then solve the fixed-point problem (a, a0 ) = f (a, a0 ) using iterative method. This solution method is simple and
fast but suffer from some convergence problems and does not always converge to the right solution (Maniaci , 2011) . Recently
Ning (Ning , 2014) proposed a solution method that guaranteed the convergence which is based on reducing the two governing
400

equations of the BEM model to one residual function Eq. (40), then solve it by a root-finding algorithm. The inflow angle is
the unknown and not the induction factors used as the unknown in the classical iterative algorithms.

f (φ) =

cos(φ)
sin(φ)
−
1−a
(1 + a0 )λr

(40)

The momentum/empirical region corresponds to local inflow angles in the range φ ∈ C(]0, π[). In this case, there is two-

equation for the axial induction factor, a criterion is needed to distinct the momentum region (a < ac ) and the empirical region
405

(a > ac ). The criterion is given by (η0 = 2/3). The axial and tangential induction factors can be computed by equating the
BET. The axial and tangential induction factors are given by Eq. (41)
thrust and torque in the MT and Kutta-Joukowski theory::::
and Eq.(42), respectively. The
algorithm solution is given below (Algorithm 1).
:::::::::::::::::::::::::::::::::::::::::::

a=






 γ1 −

a0 =
410

η
1+η

√

γ3

γ2

η ≤ η0

(41)

else

η0
1 − η0

(42)

Where the parameters η, η 0 , γ1 ,γ1 , and γ3 are depending on the inflow angle. They are defined by:

η = σCn3D /(2χF sin2 (φ))

(43)
17
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η 0 = σCt3D /(4F sin(φ)cos(φ))

(44)

γ1 = χF η − (10/9 − χ/2F )

(45)

γ2 = χF η − χ/2F (4/3 − χ/2F )

(46)

γ3 = χF η − (25/9 − χF )

(47)

Once the induced velocities are converged, the performances of the wind turbine rotor can be computed using BET, since
the drag force is accounted for when computing the performances of the wind turbine rotor. This is illustrated by the following
algorithm.
5
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Results and discussion

The improved BEM model
(N-BEM) will be validated against experimental data of the NREL phase VI rotor, and it is also
::::::::::::::
model:::::::::
(C-BEM). :::
The:validation of the proposed
compared with the classical BEM . However, for briefness and relevance, the :::::
improvements to the BEM method will be done by considering six two
different variations of the BEM method model
(Table 3),
:::
:::::
since three modifications to the classical BEM were proposed. First, an evaluation of the effect of the new far wake expansion
model and K-J condition on the BEM solution using BEM-KJ-E-0 and BEM-KJ-E-0 models. Second, the validation of the
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improved stall delay model using BEM-S-0 and BEM-S-1 models. Third, the spanwise distribution of the loading is evaluated
and used to identify the wake expansion and stall delay effects on the prediction accuracy using BEM-S-E-0 and BEM-S-E-1
models. Last, An evaluation of the effect of wake expansion and KJ condition on the global loadings using BEM-KJ-E-0 and
BEM-KJ-E-0 models.
Table 3. BEM model variations.

BEM model variations

Stall delay model

Expansion model

C-BEM

Bak model

1D far wake expansion

N-BEM

Improved Bak model

New far wake expansion

18

5.1
430

3D BEM solution

The spanwise distribution of the converged angles ::::
angle:of attack for different wind speed is shown in Fig. 4. The BEM-KJ-E,0
and BEM-KJ-E,1 C-BEM
and N-BEM models are used and compared with the estimated AoA from experimental data given
:::::::::::::::::
by Sant et al. (2006).
At a:low wind speed (U0 ≤ 10:::::::
U0 < 10), the drag force is negligible and the wake expansion effect on the AoA is important

on the outboard sections of the blade. As a result of the new far wake expansion model (BEM-KJ-E,1 modelN-BEM),
the
::::::
435

converged angles of attack are in better agreement to experimental data compared using ::
to:::
the:1D far wake expansion model
(BEM-KJ-E,0model:::::::
C-BEM) that overpredict the AoA. However, at medium to high wind speed (U0 > 10U
0 ≥ 10), the drag
::::::

force stall
delay effect becomes important and the expansion effect is negligible(low tip speed) . Additionally, the drag force is
:::::::::::::

further increased .::::
The ::::::::
improved::::
Bak :::::
model::::::::
(N-BEM):::::
gives :::::
better :::::::::
agreement ::
to ::::::::::
experimental:::::
data, :::
and:::
the:::::::
original :::
Bak::::::
model
underestimates
the AoA at the hub region due to stall delay effect. Consequently, the converged AoA accounting for drag force
::::::::::::::::::::
440

(BEM-KJ-E,0 model), when solving BEM equations, are over-estimated near the hub region compared to the converged AoA
computed by excluding drag force (BEM-KJ-E, 1 model):::::
when :::
the ::::
flow::
is:::
not:::
yet:::::
fully:::::::::
separated. :::::
Once :::
the ::::
flow::::::::
becomes
fully separated, both N-BEM and C-BEM models are identical. However, for the full range of operating conditions, some
::::::::::::::::::::::::::::::::::::::::::::::::::::

19

Figure 4. Spanwise distribution of angles ::::
angle:of attack for different wind speed

inaccuracies of the converged AoA at the tip and hub are mainly due to the tip/hub loss model used. Nevertheless, both models
are generally in good agreement with the AoA estimated from 3D NREL phase VI experimental data.
445

For the NREL phase VI rotor, the axial and tangential induction factors are not available; however, the relative velocity can
be estimated from the measured dynamic pressure. The spanwise distribution of the relative velocity, for different wind speed,
U0 < 10), both BEM-KJ-E,0 and BEM-KJ-E,1 :::::::
N-BEM and
C-BEM models are
is shown in Fig. 5. At low wind speed (U0 ≤ 10:::::::
::::::::::

accurately predicting the relative velocity of the NREL phase VI rotor , since the drag force is negligible for high tip speed and

the since
the new far wake expansion model has no noticeable effect on the relative wind speed. As a result, the axial induction
:::::::
450

factor is under-estimated in BEM-KJ-E,0:::
the :::::::
C-BEM model since the AoA is over-estimated in BEM-KJ-E,0 modelcompared
to BEM-KJ-E, 1 model ::
the::::::::
C-BEM ::::::
model. ::::
The :::::::
N-BEM :::::
model:::::::::
accurately:::::::
predicts::::
the ::::
axial::::::::
induction::::::
factor ::
at::
a ::::
high :::
tip
speed
ratio, thanks to the new far wake expansion model (Figure 6). However, at medium to high wind speed (U0 > 10), where
:::::::::::::::::::::::::::::::::::::::::::::::::::::
the drag force becomes important, U
C-BEM and N-BEM models
0 ≥ 10), the relative velocity in the BEM-KJ-E,0 model both
::::::::
:::::::::::::::::::::::::::
diverge progressively toward the hub from the 3D NREL Phase VI experimental data, and the BEM-KJ-E,1 model is accurately

455

predicting the relative velocity for the full blade’s span thanks to respecting KJ condition by excluding drag force::::::
because:::
of
the
over-estimation of AoA at low tip speed ratio.
:::::::::::::::::::::::::::::::::::::::
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Figure 5. Spanwise distribution of relative velocity for different wind speed

Velocity triangle at r/R = 0.3 and U0 = 20
In order to further highlight the effect of the far wake expansion model on the induced velocities. The relative velocity
and N-BEM models
and inflow angles, at r/R = 0.8 and U0 = 7, predicted using the BEM-KJ-E,0 and BEM-KJ-E,1 C-BEM
:::::::::::::::::
460

along with the ones estimated from experimental data are given in Figure 6. The axial induction factor predicted using the
BEM-KJ-E,0 modelis under-predicted :::::::::::::
under-predicted :::::
using :::
the :::::::
C-BEM ::::::
model, due to the use of the 1D far wake expansion
model. However, the new far wake expansion model (N-BEM)
improves the prediction of the axial induction factor, and it
::::::::
is in good agreement with the estimate estimated
axial induction from experimental data as shown in Fig.6. The tangential
::::::::
induction factor is unchanged for both models since the torque coefficients in both models are identical. The inflow angle

465

predicted using the BEM-KJ-E,1 N-BEM
model is also improved compared to the BEM-KJ-E,0 model, since :::::::
C-BEM ::::::
model.
:::::::
Using
the C-BEM, the axial induction is under-estimated and the inflow angle is over-estimated. Thus::
As::
a :::::
result, the new far
::::::::::::::::
wake expansion effect is canceled out when computing the relative velocity as shown in Fig.5. This behavior remains valid for
other wind speed cases.
In order to further highlight the effect of excluding drag force on the induced velocities. The relative velocity and inflow

470

angles, at r/R = 0.3 and U0 = 20, predicted using the BEM-KJ-E,0 and BEM-KJ-E,1 models along with the ones from

21

Figure 6. Velocity triangle at r/R = 0.8 and U0 = 7

experimental data are given in Figure ??. Using the velocity triangle, it is clear that the axial induced velocity is over-estimated
in the BEM-KJ-E,0 model, while the tangential induction factor is under-estimated because the drag force is considered when
solving the BEM equations, which contradict the KJ theorem. However, When the KJ condition is respected, the axial and
tangential induction factors are improved and correlate well with the ones estimated from experimental data. Additionally, the
475

inflow angle is slightly improved as shown in Fig. 4, and the relative velocity is significantly improved as shown in Fig. 5. This
behavior remains valid for other wind speed cases.
Figure 7 shows the far wake expansion radius, at the free stream U0 = 7m/s, predicted using the BEM-KJ-E,0 and BEM-KJ-E,1
N-BEM
and C-BEM models. Using the new far wake expansion model, The :::
the improved BEM predict accurately the wake
:::::::::::::::::
expansion radius compared to the result of Large Eddy Simulation (LES) by Sezer-Uzol and Uzol (2013). However, the 1D
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MT expansion model used in the BEM-KJ-E,0 model over-estimate the wake expansion radius, especially at high tip speed. It
worth mentioning, that for low solidity wind turbines, the wake expansion radius converges a:after small distance downstream
the rotor plan to an almost cylindrical wake. In the case of the NREL phase VI, the wake radius converges approximatively after
one apparent helical pitch (Fig. 7). This was also confirmed by Madsen et al. (2010) showing that the axial velocity converges
after just one diameter downstream of the rotor plane. Others like Sørensen and Kock (1995) and Zahle and Sørensen (2007)

485

have also shown found
similar behavior.
:::::
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Figure 7. Wake expansion radius at U0 = 7

5.2

3D stall delay model

Figure 8 shows the 3D sectional loading at five radial locations (r/R = 30%, 47%, 63%, %80, and 95%). The BEM-S,0 and
C-BEM :::
and:::::::
N-BEM:models are used to validated ::::::
validate:the improved stall delay model. It can be seen that both
BEM-S,1 :::::::
stall delay models are identical and predict relatively well the 3D behavior of the rotating blade, except in the separation area
490

(α0 < α < α1 ). In the separated area, the improved Bak model predicts accurately the lift and drag coefficients, compared to
Bak model that over-predict the lift and drag due to integrating the pressure gradient over the whole full
chord. In fact, both stall
:::
delay models are only valid in the separated area where the radial flow is dominant compared to the chordwise flow. As a result,
the pressure gradient is strongly dependent on the AoA, especially in the separation area, which was recently confirmed by
Mauro et al. (2018) using CFD simulation. At r/R = 95%), the predicted loadings are in good agreement with experimental
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data, thanks to Shen tip loss model that is
used to correct the lift and frag drag
coefficients in both stall delay models.
::
::::
In both stall delay models, the amplitude of the pressure gradient depends on external forces at a given spanwise position,
and the shape of the pressure gradient depends on the AoA and it is strongly empirical. Since it is taken from the 2D airfoil,
then corrected using an empirical quadratic function. The amplitude is generally in good agreement with experimental data
(Fig.10 :9: and Fig.1110),
however, some over-estimation and under-estimation of sectional loadings are due to the shape of
::

500

the pressure gradient that is strongly empirical and needs to be further studied. In fact, the shape of the pressure gradient can
vary from triangular shape to trapezoidal shape depending on the separation type: leading-edge separation or trailing edge
separation. Schreck and Robinson (2002) has analyzed the pressure data on the NREL Unsteady Aerodynamics Experiment
and found out that the 3D pressure coefficients have a trapezoidal as well as triangular shapes. The pressure shape variation was
23

attributed to various mechanisms mediated by Coriolis and centrifugal forces and also to the presence of an energetic vortex
505

structure.

Figure 8. 3D sectional lift and drag coefficients

5.3

Local aerodynamic loadings

Figure 9 and 10 shows the normal and tangential force coefficient along the blade span for six different wind speed. The
BEM-S-E,0 and BEM-S-E,1 model C-BEM
and N-BEM models are used to evaluate the effect of far wake expansion and stall
:::::::::::::::::::::::
delay on the spanwise distribution of normal and tangential forces coefficients. The BEM-S-E,1 model agree N-BEM
model
::::::::::::
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agrees very well with experimental data for the full range of operating conditions, compared to the BEM-S-E,0 C-BEM
model
:::::::
::::::

that over-predict the loading due to both using the 1D MT expansion model and the stall delay model of Bak. At hight tip
speed (U0 ≤ 10m/s), the The
over-estimation of loadings by the BEM-S-E, 0 is ::::::::
spanwise :::::::
loading, ::
at :::::::
U0 = 5, ::
is ::::::
entirely:due
::::

to the use of the
1D MT expansion model, that results in an over-estimation of the AoA, resulting in an expansion
model. A
::::::::::::::::
:::
515

special
case at U0 = 7m/s :::::
where:::
the:over-estimation of normal force coefficient. At low tip speed (U0 ≥ 10m/s)loading
is
::::::::::::::::::::::
::::::::
due to both stall delay model at inboard sections and wake expansion at the outboard sections. At U = 10m/s, the stall delay
0
:::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::
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of Bak is responsible for the over-estimation of the spanwise distribution of both normal and tangential force coefficientsat
the hub region and at U0 = 7, 10m/s, which is corresponding to the separation area. For the fully separated flow, both stall
delay models are identical and they are in good agreement with experimental data. A special case at U0 = 7m/s where the
over-estimation of loading is due to both stall delay model at inboard sections and wake expansion at the outboard sections.

Figure 9. Spanwise distribution of the 3D normal force coefficient for different wind speed

520

5.4

Global aerodynamic loadings

In order to see the far wake expansion and the KJ condition effect on the global performances, the classical BEM and the
improved BEM are coupled with the improved stall delay model.
The power and thrust forces of the NREL Phase VI rotor for both BEM-KJ-E,0 and BEM-KJ-E,0 C-BEM
and N-BEM
:::::::::::::::::
models are shown in Fig. 11. It can be seen that both models are predicting relatively well the power and thrust forces for the
525

full range of operating conditions. However, at low wind speed (high tip speed) the power and thrust forces predicted using
the BEM-KJ-E,0 ::::::
C-BEM:model, are slightly overestimated compared to the BEM-KJ-E,0 model that account N-BEM
model
::::::::::::
that accounts accurately for the far wake expansion effect. At medium to high wind speed (low tip speed), the power and thrust
:::::::::::
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Figure 10. Spanwise distribution of the 3D tangential force coefficient for different wind speed

curves predicted using the BEM-KJ-E,0 model are both
models are slightly under-predicted compared to the BEM-KJ-E, 0
::::::::::::::::::::
model that predicts accurately the power and thrust force, thanks to respecting the Kutta-Joukowski condition:::::::::::
experimental
530

data,
because the relative velocity is under-estimated at the hub region (Figure 5).
:::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::
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Figure 11. Trust and power for different wind speed

6

Conclusions

In this paper, a state of the art an
improved BEM model is developed for aerodynamic prediction of horizontal axis wind
:::::::::::
turbine rotor. The GMT is applied to low solidity rotors, then a new far wake expansion model is proposed ::::
using:::::::::::
dimensional
analysis. Three-dimensional effects on a rotating blade were estimated using an improved stall delay model based on Bak
::::::
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model. An improved solution method was given for the improved BEM model by respecting Kutta-Joukowski theorem and
using the guaranteed convergence algorithm to solve the BEM equations. The improved BEM model is then compared against
the classical BEM and the experimental data from the NREL phase VI rotor. The results show a remarkable agreement with experimental data. Additionally, the proposed improvements to the classical BEM requires virtually no additional computational
time.
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The new far wake expansion model was found to improve the spanwise loading and global loadings at a: high tip speed
ratio, compared to the 1D MT expansion model that over-predict both
the spanwise loading and global loadings. As for the
::::
induced velocities, it was found that the axial induction factor was under-predicted using the 1D MT expansion model. While
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using the new far wake expansion model results in an accurate estimation of the axial induction factor. Additionally, The 1D
MT expansion model over-predict the far wake expansion radius, while the new far wake expansion model predicts accurately
545

the wake expansion radius. However, The new far wake expansion model can be further improved by taking into account the
additional velocity induced by the wake.
It was also found that accounting for drag force when solving BEM equations results in an important under-prediction of the
relative velocity in the hub region, while the converged AoA remains approximately unchanged. As for the induced velocities,
it was found that the axial induced velocity is over-estimation while the tangential induction factor is under-estimation in the
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hub region. The thrust and torque forces were also under-predicted if the drag force is accounted for in BEM equations. In
contrast, excluding the drag force when computing the induced velocities, will result in an accurate prediction of the BEM
solution (axial induction, tangential induction, and inflow angle). Thus, local and global loadings were accurately predicted.
The three-dimensional effects on a rotating blade were accurately estimated using the improved stall delay model compared
to the original Bak model. However, Both models are still strongly empirical, especially the shape of the pressure gradient. As a
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result, the chordwise pressure on a rotating blade needed to be further carefully analyzed in order to improve our understanding
of this complex phenomenon, thus accurately modeling the shape of the pressure gradient.
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