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Work of the non-linear force within the D3, CD5 model  
 

Before discussing the transfer within D3, CD5 model we present some 

appreciable numerical results within the model and their comparison with 

observational data. As it was shown theoretically in D3 and CD5, the non-linear 

(NL) interactions are crucial for the mesoscale dynamics and observational 

effects. An analogous conclusion was drawn by Chelton et al. (2011) from the 

analysis of observational data: “essentially all of the observed mesoscales 

features are non-linear” including mesoscale eddies which “do not move with the 

mean velocity but with their own drift velocity”.  This conclusion agrees with the 

observation of Richardson (1993) that mesoscale eddies are “water-mass 

anomalies that have nearly circular flow around their centers and that survive for 

many rotations and may move through the background water at speeds and 

directions inconsistent with background flow” The C11 observational result for 

the drift velocity is in agreement with the earlier theoretical predictions of D3 and 

CD5 (see, Canuto et al., 2017a).  In Canuto et al. (2017b) are presented also other 

theoretical results of D3 and CD5 which are determined by NL interactions and 

compared favorably with observational data. In Fig.1 borrowed from Canuto et al. 

(2017a), we present the comparison of the predicted drift velocity with 

observational data which were obtained later (Fu, 2009; Chelton and Schlax, 

2013). In D3 and CD5 we parameterized the NL terms of the dynamical 

mesoscale equations on the basis of the general approach to modeling NL 

interactions in turbulent flows developed by the authors before (see the list of 

those articles in the manuscript under the discussion). Some validations of D3, 

CD5 are demonstrated below in Fgs.1-3 borrowed from the submitted papers by 

Canuto et al. (2017a,b). The NL mesoscale dynamics radically modifies the 

transformation of EPE and EKE in comparison with the results of the linear 

analysis presented in the quoted above Vallis’s text book. In particular, consider 

Eq.(5.7) of the manuscript under discussion which yields the EKE production

( )K dP r  by EPE at scales of the deformation radius dr : 

 
1 3/2( ) 2 0K d dP r r K       (a) 

 

where K  is EKE. The mesoscale characteristics K  and dr  demonstrate the fact 

that ( )K dP r  is due to the cascades, i.e. due to the NL interaction. The negative sign 

in Eq.(a) means that at scales ~ dr  EKE transforms into EPE.  In fact, EKE is 

produced by the a-geostrophic component of the velocity au . In Fourier space we 

have: 
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*( ) Im ( ) ( )K aP p    k k k u k     (b) 

 

where 0 *p p  is the pressure, 3 3

0 10 /kg m   is the reference density. In the case 

of a small ( )Ro k  from the referred above equations of D3 or CD5 to the main 

order of EKE using the manuscript notations we deduce: 

 

*( ) ( ) ( ), ( )a z g z gRo k f i p     u k e u k e u k k    (c) 

 

where ze  is the unit vertical vector, f  is the  Coriolis parameter.  From Eqs.(b), 

(c) we get 
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*( ) ( ) ( ) 0KP k f Ro k p  k k    (d) 

 

i.e. at small ( )Ro k  EKE transforms into EPE but not vice verca. It is worth 

recalling that this result is obtained with account for the negative turbulent 

viscosity in the referred mesoscale equations which, in turn, is due to the inverse 

energy cascade created by NL interactions which is absent in the linear 

approximation. In the opposite case of a large  ( )Ro k  the effect of rotation is weak 

and the velocity equation yields the usual EPEEKE conversion. 
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Fig.1. Borrowed from Canuto et al. (2017a). Comparison of | du | derived in D3 

and CD5 with the data of Fu (2009) and Chelton and Schlax (2011) at 0150 W and 
0110 W. The data are reproduced satisfactorily. In all the figures, the model results 

were obtained from an average of the last 3 years of a simulation with the GISS 

ER stand-alone OGCM which was run for 300 years. 
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Fig.2. Borrowed from Canuto et al. (2017b). Comparison of the z-profile of the 

EKE derived in d3 and CD5 in units of its surface value vs. WOCE data in 

different locations. The model results reproduce the data satisfactorily. 
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Fig.3 Borrowed from Canuto et al. (2017b). Comparison of mesoscale diffusivity 

(in m
2
s

-1
) computed within D3 and CD5 model vs. the measured data of Philips 

and Rintoul (2000, PR00) in the ACC (143E, 51S). The 1   case is with the 

contribution of corrections of the higher order in the small parameter equal to the 

ratio (mean K/EKE). 
 

 

 

 

 

 


